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Agenda S

e Nonparametric statistic {55 FHFi2
e Wilcoxon Rank Sum Test

e Sign Test

e Wilcoxon Signed Rank Sum Test
e Kruskal-Wallis Test

e Friedman Test

e Spearman Rank Correlation Coefficient



1. Nonparametric statistic {58 FHHH% eso:

M € 7= T Chi square goodness of fit fHERFEY
V4
ANOVA SlbE:=

E RS Yes Check No



1. Nonparametric statistic fEFIFHE | ooe

Independent T

Match Paired T

Match Paired T

One way ANOVA

Random Block design

Correlation

Wilcoxon Rank Sum Test
Ordinal or Interval (GEH RE)

N>20 7 &S84T i 7 (S A AENZ>10)

Sign Test
Ordinal or Interval El3=475)

N>20 A ST HRE (30 Nd>10%))
Wilcoxon Signed Rank Sum Test
Interval (GEFERE)

N>304 SiirERe (B¢ Nd>15%))
Kruskal-Wallis Test
Ordinal or Interval (FEH RE)

Friedman Test
Ordinal or Interval (FEH £E)

Spearman Rank Correlation Coefficient
Ordinal or Interval (FEE RE)



1. B v 5%

S1: Jetmbn B d R ERE5T i (chi-square goodness of fit)
S2: JRAELIEY - FHERI S E  (E¢ ordinal B B L)
S3: B EE%

S4: Fcritical point

SS5:KigEE T (orZ)

S 6 g:l:**/\




2. Wilcoxon Rank Sum Test 000
(Mann- Whitney Test) f

e The problem characteristics of thiﬁe‘a@je:

e The problem objective 1s to compare two
populations.

e The data are either ordinal or interval (but not
normal).

o The samples are independent.
o JALVETIGA T e



1. Wilcoxon Rank Sum Test -4

(N551<10)

S1:5% 7€ Eeax

H,: The two population locations are
the same

H,: The location of population 1 is
different from the location of
population 2

S2: >Kcritical point
o BEPT=T)=PT=T,)
S3:.Egat= T

. 2/
S4:455m

TL TU

(N5 75>10)

S1:5E Eax

H,: The two population locations are
the same

H,: The location of population 1 1s
different from the location of
population 2

S2: >Kcritical point
o KIFZal2,7a

e =R _n1(n1 tn+ 1)
S3:HiisT=Z EM) = =7
o - \/n1n2(n1 +n, +1)
! 12
Therefore,
T-E(T)

=

S4: \%:DE%%HE/\ O7




Example 1

e Based on the two samples shown below, can we
infer at 5% significance level that the location of
population 1 1s to the left of the location of

population 2? (FH{LIHO: ul<u2, /=

e Sample 1: 22,23, 20
e Sample 2: 18,27, 26

=)



oo
Solution 1 oo
S1:
H,: The two population locations are the same.
H,: The location of population 1 1s to the left of the
location of population 2.
SZﬁ%{ TL :6, TU: 15
SIETHE T (H/NEIRHER > 5KT1)
Sample 1 | Rank Sample 2 | Rank
22 3 18 1
23 4 27 6
20 2 26 5
T1=2+4+3=9 1179 T2=1+6+5=12
4 o
Don’t reject HO.
TR GAHlocation; 2 5 =

TL=6 TU=15



1. Critical values of the -
Wilcoxon Rank Sum Test

a =.025 for one tail test, or o = .05 for two tail test
n2 n1

[ 3\ 4 5 . . . 10 T, Ty
(Gzap
—4—6—18( 11 25|17 33| . . . |61 89
5 |6 2112 28(18 37| . . . |64 9

T Tul Tyl Ty

10 |9 33|16 44|24 56| . . . |79 131

Using the table: For given two samples of sizesn;andn,, P(T=T,)=P(T=Ty)= .

A similar table exists for o = .05 (one tail test) and o = .10 (two tail test)

10
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Example 2 (N<10) 0o

e Use the Wilcoxon rank sum test on the
following data to determine the two population
locations differ. (Use a 10% significance level.)

e Sample 1: 15 7 22 20 32 18 26 17 23 30 (n=10)

e Sample2: 8 27 17 25 20 16 21 17 10 18 (n=10)



Solution 2
e H,: The two population locations are the same

H,: The location of population 1 is different from
the location of population 2

Rejectionregion: T 2T, = 1270r T =T =83

Sample 1 Rank Sample 2 Rank
15 4.0 8 2.0
7 1.0 27 18.0
22 14.0 7.
20 5 25 16.0
32 20.0 20 11.5
18 O 0.5 16 5.0
26 17.0 21 13.0
17 7.0 Q7> 7.
23 15.0 10 3.0
30 19.0 C 18 9.5
T, =118 T, =92

There is not enough evidence to infer that the location of population 1
1s different from the location of population 2

12

10
15
16
17
18

1
2
3
4
5
(6+7+8)/3=7

(9+10)/2=9.5
T1=118

TL=83

TU=127
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Statistical Procedures” (1964) .

28, Reproduced with the permission of American Cyanamid Company.
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Example 3 (N>10) 0o

e Given the following statistics, calculate the
value of the test statistic to determine whether
the population locations differ. In addition,
calculate the P-value. (a=0.05)

o T,=250 n;=15

o 1,=215 n,=15
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Solution 3

® SI;:

e H,: The two population locations are the same

H,: The location of population 1 is different from the location of

population 2

o S2:

] Za/2:1.96
* 53 1) 15(15+15+1

B(T) = n;(n; +n, +1) _ (15+15+1) _115

2
o =\/nln2(n11;-n2+1) =\/(15)(15)(B+15+1) ol
__T-E@)_250-2325

O, 24.11

e S4 Z=0.73

-1.96 1.96

p-value =2P(Z >.73)=2(.5 - .2673) = .4654.
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2. Sign Test §§§:

e The objective 1s to compare two populations.

e The data are either ordinal or interval (but
not normal).

e The samples are matched by pairs (ZE{L)
paired T test).




coeo
2. The Sign Test eso:
o SI:{EEmE ®
Hy: Thetwo population locations are the The binomial variable can be
same approximated by a normal variable
H,: Thetwo population locations are if np and n(1-p) >=5.
different .y _ 5 The Z- statistic becomes
P .5 X—=np X —.9N X —.9Nn
e S2:Critical point: Za or Za/2 Z= \/m = \/n(T)(5) = o
© 5 X: A4 IEY where n = 10.

IR =N

_x-0.5n (R E A 550)

Z —
0.5vVn

where n = 10.

. S4W\

17
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KR w245 T0-1057

Example 4

HEEl 5610709710969 9
PRIl 417 5855681054

=R DL sign test Z kG

RS AR

ERINLEFE 2

M et B8 1 2{ S E R 2 OETTERT - Eebr i
C MeFoT4a R4l T (o= 5%)

B2 RS2 EERTRF e
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_x-05n 3820
Solution 4 0.5Vn 000
where n =10. °
S1:
o Hy TR AT A RE-05) Siiaw
H,: Wiz et et oA Z5(p#0.5) (B R B2 5 50)
S2: fR4EIE:2>1.96 or z<-1.96
S3:ETHEZ
o NEE] 5610709710969 9
o NESEEII 417 5855681054
+ 4+ + + -+t + -
o 10+ 2{f-n=12(’2F £0
C2A R0 10-12x0.5
z = =2.3094 >1.96
J12%0.5%0.5

S4: fE4EH, FT LI & B A = 2
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Example 5 sece

e Suppose that in a matched pairs experiment,
we find 28 positive differences, 7 zero
differences, and 41 negative differences. Can
we infer at the 10% significance level that the
location of population 1 1s to the left of the
location 27



Solution 5 020

e H,: The two population locations are the same

H,: The location of population 1 is to the left of the location of
population 2 (/&)

Rejection region: z< -z, =-2yp=-1.28

_x-Su_ 25-569)

Sy *\@

the location of population 1 15 to the left of the location of population 2.

Z =-1.57, p-value = P(Z <-1.57) = 0582. There 1s enough evidence to mfer that

+:28 Z=-1.57
-:41
0:7

21

-1.96 1.96
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3. Wilcoxon Signed Rank Sum Test | 2¢°

e This test 1s used when
e the problem objective is to compare two populations,
e the data are interval but not normal
o the samples are matched pairs.

e The test statistic and sampling distribution

e T is based on rank sum of the absolute values of the positive
and negative differences
When n <=30, reject Hy if T>Ty or T<T(Ty and Ty
tabulated values related to n, n 1s the number of nonzero ).
When n > 30, T 1s approximately normally distributed.
Use a Z-test.
E(T)=n(n+1)/4 standard deviation =[n(n+1)(2n+1)/24]*(1/2)



1. Wilcoxon Signed Rank Sum Test

(N<30)

S1:5% 7€ Eeax

H,: The two population locations are
the same

H,: The location of population 1 is
different from the location of
population 2

S2: >Kcritical point
o BEPT=T)=PT=T,)
S3:.Egat= T

. 2/
S4:455m

TL TU

(N>30)

S1:5E Eax

H,: The two population locations are
the same

H,: The location of population 1 1s
different from the location of
population 2

S2: >Kcritical point
o KIFZal2,7a

S3:.HETEZ
e E(T)=n((n+1)4 _ T-E(T)
Z= o

. op= \/n(n+1)(2n+1)

24
N YN
S4-%D 1]

N




Example 5 (N<30)

e Perform the Wilcoxon signed rank sum test to determine
whether the location of population 1 differs from the location
of population 2 given the data shown here. (Use

Or=.05)

Pair 1 2 3 4 5 6
Samplel |18.2 14.1 24.5 11.9 9.5 12.1
Sample2 | 18.2 14.1 23.6 12.1 9.5 11.3
Pair 7 8 9 10 11 12
Samplel |10.9 16.7 19.6 8.4 21.7 234
Sample2 |9.7 17.6 19.4 8.1 21.9 21.6

24



. 000
Solution 3 cece
o0 0
e Hj: The two populationlocations are the same oo

H;: The location of population 1 is different from the location of population 2
e Reject region: TL<14; TU>64

Pair Sample 1 Sample 2 Difference Difference Ranks

a

1 18.2 18.2 0 0

2 14.1 14.1 0 0

3 24.5 23.6 9 9 6.5

4 11.9 12.1 _2 2 2 | (1+243)/3=2
5 9.5 0.5 0 0

G 12.1 11.3 8 8 5

7 10.9 0.7 1.2 1.2 8

8 16.7 17.6 Sy 9 6.5

0 19.6 19.4 2 2 2

10 8.4 8.1 3 3 4 _

11 21.7 21.9 _2 2 2 (6+7)12=6.5
12 23.4 21.6 1.8 1.8 9

T" =345T =105
T = 34.5. There 1s not enough evidence to conclude that the population locations differ.

T+=34.5

TL=14 TU=64
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NYTCNUIA B B 25

Ty Ty
srha) 19
U

L6 30

.8‘;:‘ 37

§ oA lh 44
14 52
17 61
1321 70
526 79
430 90
136 100
141 112
; 47 124
54 136
~4 608! 150
68 163
75 178
83 193
92 208
101 224
110 241
120 258
130 276
141 294
152 313

. comsietioal Procedures” (1964), p. 28. Reproduced

with the permission of
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Example 6 (N>30) °s°

e A matched pairs experiment produced the following
statistics. Conduct a Wilcoxon signed rank sum test
to determine whether the location of population 1 1s
to the right of the location of population 2.(Usea=.01)

T =3457 T =2429 n=108
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Solution 6 020

e H,: The two population locations are the same

H,: The location of population 1 is to the right of the location of

population2 (5 )
T =3457 T=2429 n=108

Rejection region: z >z, =z = 2.33

“n(n+1) 108(109)

E(T)= =326.25
M=

n(a+)2n+1) _ J108(109)(21.7)

=2043: OT = J
24 2

T-E(T) _ 3457-2943
o1 326.25

Z=

= 1.58, p-value =P(Z > 1.58) = 1 - 9429 = .0571. There 1s not enough

evidence to conclude that population 1 15 located to the right of the location of population 2.
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4. Kruskal-Wallis

Test ses

e The problem characteristics for this test are:

e The problem objective1s to compare two or more
populations. (FE# R {[E DL AN

e The data are either ordinal or interval but not normal.

e The samples are independent.

e The hypotheses are

H,: The location of all the k populations are the same.

H,: At least two populationlocations differ.

(—E= M K HAHEAHEEL - R

Ry AIEELLIOR )
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4. Kruskal-Wallis Test

. JEI LA P
S1: EEsimE
e Hj: The location of'the 3 are the same

e H;: Atleasttwo locations are different
S2:Critical point:

‘H > onc,k—ll
S3:ETHEHE

e Rank the data from 1(smallest) to n (largest).

e (Calculate the rank sums T}, T,,... Ty for all the k samples.

. A
S4:455m

K
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Use the Kruskal-Wallis Test on the following data to determine whether the
population locations differ. (Use a=0.05)

Example 7

Samplel | 27 33 18 29 3 52 75
Sample2 | 37 12 17 22 30
Sample3 | 19 12 33 | 28 18




Solution 7 0000

19.53  H, : The locations of all 3 populations are the same.

H, : At least two population locations differ. SR B ME T 12
. 5 11 ”: + — ]
Rejection region: H > ¥ 11 = %052 =3.99 “1172,,_ 3(1 2)2=1.5
1 Rank 2 Rank 3 Rank 187:(4+35)/2=4.5
27 8 37 14 19 6
33 12.5 12 1.5 12 1.5
18 4.5 17 3 33
29 10 : 22 7 41
41 15.5 30 11 28
52 17 18
75 18
_ T, =855 T,=365 T,=49
2 T/ 2 (8552 365 49%)| _
H= _l Z Ll-3m+])= vl ; + 6 +49 —-3(18+1)=3.03, p-value =
n(n+1) n; 18(18+1{ 7 5 6

.2195. There 1s no evidence to conclude that at least two population locations differ.

3.03
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FHESBOARE, HEEAREURZEIR K

=
ms

A LA AT NE i
feEh
f & 77(1-B)ist 55

%%%ﬁ&%ﬁ%& ok g 22 AAER RS
=
R G AN — (IR )

HEREBSGHE B 157 BT (Non-parametric Statistics)

BHRHRHIRED, AT R R RS T Bl
BE/NERARIERY, B A AR B R RS A R FE R )

2

F AT AR



