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The Model o0

e The first order linear model (simple linear
regression model)

Y =Py +|31X+8|

y dependentvariable (fH {5 ) o and B, are unknown population
parameters, therefore are estimated

= independentvariable (Eireg) Y from the data. /

|30 = y-intercept (#;=)7H)

B4 = slope of the line (R}, fi#FETT)
e = errorvariable (37 ) |
Rise g =Rise/Run
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The Least Squares (Regression) Line | 22°
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A good line is one that minimizes the sum of squared differences
between the points and the line.
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Example 1 -

Attempting to analyzethe relationship between advertising and sales, the
owner of a furniture store recorded the monthly advertising budget

($thousands)and the sales ($millions) for a sample of 12 month. The data
are listed here.

Advertising | 23 46 60 o4 28 33
Sales 9.6 11.3 [12.8 |9.8 8.9 12.5
Advertising | 25 31 36 88 90 99
Sales 120 |114 |126 [13.7 |144 [15.9

a. Draw a scatter diagram. Does it appearthat advertisingand sales are
linearly related?

b. Calculate the least squares line and interpret the coefficients.



Solution 1 (1)

120

Scatter Diagram
20 -
15 - 46,11.3 *
*0 ( ) ¢ ) 0.
R @ @
a 10 4 *, ¢
: | (23,9.6)
U 1 | 1 | 1 1
20 40 60 g0 100
Advertising

It seems that advertisingand sales are linear related



Solution 1 (2)

h - Xy -+ ¥, - X? - - yf - - xiyie'
23 - -+ 96 - -+ 329 - -+ 9216+ - 22084
46 - -+ 113 - -+ 2116 - 12769+ - 51938+
60 — -+ 128 - -+ 3600 - 16384 - T68.0-
34 - -+ 98 - -+ 2916+ - 904 - 5292
28 - -+ 39 - -+ T84 - -+ 7921 -+ - 2492+
33 - -+ 125 - -+ 1089+ = 15625+ - 41254
25 - -+ 120 - -+ 625 —» -+ 14400 - 300.0¢
31 - -+ 114 - -+ 91 - 12996+ 353344
36 - -+ 126 —» -+ 1,296 15876+ - 4536+
g8 - -+ 137 > -+ 7744 - 18769+ - 1205.6¢
o0 - -+ 144 - -+ 8100+ - 20736+ - 1296.0¢
99 - -+ 159 o -+ 9301l » —» 25281+ - 15741
Total » 613 — -+ 1449 -+ - 39561 - 179577 - T 83212

n n {4 n
Dlxy =613 o+ Dy =1449 - 3 x=39,561 3 x;y; =7,882.2¢
i=] i=l i=] iml
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Solution 1 (3)

n n In n
Sx; =613 = Dy =1449 » > x3=39,561+> x;y; =7,882.2¢
i=1 i=1 i=1l i=1

n n ]
x - Y.
n 2 ‘g ’ 1 (613)(144 .9

1 il i
Sor = —— | S % 5v; - - 7.882.2 - = 43 66
a1 § A5 n 12—1[ 12 ] .

n 12 -1

n 2]
1 | & [in] 1 (613)2
s2=——|> xF - = [39,561 - ]=749.7 o

n 12
¥i 1449
- §=L= — 2 =1208+«
n 1

by =F-bx=1208—(058Z)(51.08)=9.107+
The sample regression lineis -+

—» ¥ =19107 + 0582x+«

million. The y-intercept has no practical meaning.+

R BRI X (RESERA) - Erief0.05828 R Y ()

The slope tells us that for each additional thousand dollars of advertising sales increase on average by 0582
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2. Assessing the Model -

o WAIHIEEEE (HEY) A 4r ?

FHR S ] (X) 2R AR RGER(Y ) BlRA 2 A 2 EGtaT LA
HHIRH R ?

Standard error of estimate (=A% S, )
Coefficient of determination (¥|E % #ER?)
T-test of coefficient of correlation ({EEZiEEP)
T-test of the slope ({EEfsEDT )
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Variability in reg 43

Variation in y = SSR + SSE

e To understand the significance of this
coefficient note:

_ape2®® | The regression model
X \3\“6

Overall variability iny

The error




HE
Variability in reg 0o
o
ol o B
Two data points (x4,y4) and (X,,Y»)
of a certain sample are shown. ‘;a%ﬁ” -
SIFRAE T
/r SHIfE
TR Variation iny = SSR + SSE
EEE
X1 X2

Total variationiny = || Variation explained by the || + Unexplained variation (error)
regression line

V1=V +(o =)= =9+ + (Y =y) + (¥, =V,)




(1) Standard Error of Estimate (E#EFR S.) | sees

e The mean error is equal to zero.

o If o, is smallthe errors tend to be close to zero (close to
the mean error). Then, the model fits the data well.

o Therefore, we can, use o, as a measure of the suitability
of using a linear model.

e An estimatorof o, is given by s,

2

s
SSE = (n—l)(s§ ——xzy)

X

n

SSE=2<yi—9i>2.

B -FEHME — A shortcut formula

Standard Error of Estimate

/SSE
S, =
15 n_2
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(2) Coefficient of determination (R?)| e2:¢

o To measure the strength of the linear relationship
we use the coefficient of determination.

o REPR[ElER T HYARRE D]

2 S 7 4z
S SSE AR SR
RP=—" or R°=1-
S5, E(Y =) e
R > r? = E(y, )’
— Sxy
=5 SSR
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(2) Coefficient of determination (R?)| ¢2°

« R?measures the proportion of the variation in y
that is explained by the variation in x.

o_,  SSE_YUi-V-SSE _sR

DR Y

e R“takes on any value between zero and one.
e R?=1: Perfect match between the line and the data points.

e R?=0: There are no linear relationship between x and vy.

o LA FHIERBOR LA R AN He 2 g =t=c
HEALVAAEMHIEHIHEER(Y) -
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Standard error of estimate ({24
~~ i/ N

Coefficient of determination (H[E{ZE ,R?)
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(3) T-test of coetficient of correlation| sse:
((BERIEp) e
Step 1: Cor (X, Y)
Hy: p=0
H,: p#0 (or < 0,or > 0)

Step2: Critical point: t,, g=n-o

Step3: The test statisticis

Y =
1 — 7,.2 SxSy

Stepd: 42k /\

t=r
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(4) T-test of the slope (fREXAEEDbL) |o2:¢

Step 1: y=|30+|31X+8|

Ho: B4 =0
H,: 84 #0 (or < 0,or > 0)

Step2: Critical point: t,, 4=n-» =
Standard
Step3: The test statistic is error=VSSE/n-2
b - B, B s =\MSE
t = s, =
S - =D

Stepd: &3 1\




Example 2

Advertising | 23 46 60 54 28 33
Sales 9.6 11.3 [12.8 |9.8 8.9 12.5
Advertising | 25 31 36 88 90 99
Sales 120 (114 (126 |13.7 |144 [15.9

(1) Calculate the least square line (K[| %747)

(2) Determine the standard error of estimate and describe what this statistic tells you about the
regression line. (FE1E74S,)

(3) Determine the coefﬁcient of determination and discuss what its value tells you about the two

variables (F|:2 A%, R )
(4) Calculate the Pearson correlation coefficient. What sign does it have? Why? (K[ {2 5ir)

(5) Conduct a test of the population coefficient of correlation to determine at the 5% significance
level whether a linear relationship exists between sale and adverting. ({&E% € p)

(6) Conduct a test of the population slope to determine at the 5% significance level whether a

linear relationship exists between sale and adverting. ({xaka/Ebl)



1. Calculate the least square line (OK

o] BRrpR)

b — "Xy —* —» ¥y —* — }f — — yf — — X;¥i ¢
23 —» -+ 986 — - 529 - -+ 9216 —» - 2208 4
45 —» e 113 —» - 2,116 » e 12769 —» 519 8+
60 —» — 128 —» - 3,600 —» — 163.84—» —» 768.0 —
54 —» o 08 —» - 2,916 —» r 06 .04 —» » 529 2+
28 —» — 89 —» — 784 —» —+ 7921 —» — 249 2+
3 - — 125 —» » 1,089 —» r 156.25—» —» 412 .5+
25 —» » 120 —» - 625 —» o 14400 —»  300.0+¢
31 - — 114 —» -+ 941 — - 12996 —»  353.4+¢
36 — o 126 —» o 1,296 —» - 15876 —» 4536+
88 — — 137 — - 7,744 —» — 18769 —» 1205.6+«
o0 —» - 144 —» - 2,100 —» — 207.36—» 1296.0«
09 —» > 159 —» > 2801 —» » 25281+ 1.574.1-

Total - 613 — - 1449 -+ —» 39561—» —» 1,795.77  —» 7 882.2

b 4 I I I
Sx; =613 = Sy =1449 » > xF=39,561+> x;y; =7,882.2¢
i=1 i=1 i=1 i=l

n

I
2 %

.
2. ¥i
p1 | 1

i-l i
Z Xi¥i—
inl n

T 121

[?,882 2= (6133244'9]= 43 66 «



1. Calculate the least square line (K

i . a2
2 %
R [ ] 1 613)%
s2=——| D xf o= = 19,561 - O | 749 7 0
n-1|< n 12 -1

Sy _ 43.66

b, = 5}3 =30 7 = 0582 +

i=ZnXi=6l—3=51.08u
Y=9.107+0.582 X

- §=Z;'1Yi=%=12.08u

by = F-bX=12.08—(0582)(51.08)=9.107+«
The sample regression line 15+
- y=9107+ 0582x+

The slope-tellsus that for each additional thousand dollars of advertising sales increase on-average by 0582

million. The y-intercept has no practical meaning.+



(2) Standard error of estimate (FZ#£3

ZRA

S¢

)33

 Determine the standard error of estimate and describe what this statistic
tells you about the regression line. (FE#EFA S,)

|
2
1722a Sy=—

33E = (n-1) [sf,

n

—

> vi-

n-119

1 2]
1=l
1l

12 -1

2 2
S""] (12- 1)[4191-(43'66) ] 18.13 «
749 7

JSSE 1’11281 xcel s, =1.347)¢

24 TAEGRIR/N > FORILAIT BT DI S i B Y S8 51

2
s [1,?95.??-(14‘;9) ]:4.191 0



( 3) Coefficient of determination (¥ EfREL,R2)?

 Determine the coefficient of determination and discuss what
its value tells you about the two variables (F] £ R ¥, R ?)

Sx 43.66)2
R? = =L = o _ 06076
S22~ (749.7)(4.191)

TR (FEEEE) - A LIE#FE60.76 % ERYE A

which means that 60.067% of the variation in the
sale 1s explained by the variation in the
advertising .

25
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(4) coefficient of correlation (Ekr) 02

Calculate the Pearson correlation coefficient. What sign does it

have? Why? CRAH [E 12 Er)

Y 43.66)4
R2 — ZX’yz — ( ) = 0.6076
S282  (749.7)(4.191)

= 2w _ \/RZ2=0.7794

Sxy

SUATEE[EEREY > 4 USSR |
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(5) T-test of coefficient of correlation (fREXHRE p)) 0o

Conducta test of the population coefficient of correlation to determine
at the 5% significance levelwhethera linear relationship exists
between sale and adverting. ({Ei% s Ep)

3.93

Step 1: A
HO: p= 0
H,: p#0 (or < 0,0or>0) AN

2.228

Step2:
Critical point: tyo gr=n2 =10.025,10=2.228

Step3: The test statistic is r=07794n = 12
t=r == 0.7794*J 22 _ —3.93
1—72 1—-(0.7794)2
Step4:

RejectHO. A positive linear relationship exists between sale and advertising,
accordingto this data.
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(6)FEME bl 2L HE 5

Conducta test of the populationslope to determine at the 5% significanée
level whether a linear relationship exists between sale and adverting . ({&a% &

Eb1)

b 0By =0¢ 3.93

+ Hpfy#le /W\&

Rejectiontegion: > b, 1y = bpgqao = 2228 0t 4< b jagg = =Ygy = -2.228 ¢ 2.228

134
= = 0148 ¢

-t 2-087) Y=9.107+0.582 X

Lhoh -0
sbl 0148

=393 (Excel t=393, p-value=0028. Thete s enough evidence to tnfer a linear

telattonship between advertising and sales ¢
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® $Y%/u\ﬁ$:§ 7
o I FIEFRMT + SR

(1) Calculate the least square line (3K [Fl #4R)
(2) Determine the standard error of estimate and describe what this statistic tells you about the
regression line. (FE1E74S,)

(3) Determine the coefficient of determination and discuss what its value tells you about the two
variables (F|:2 A%, R )

(4) Calculate the Pearson correlation coefficient. What sign does it have? Why? (K[ {2 5ir)

(5) Conduct a test of the population coefficient of correlation to determine at the 5% significance
level whether a linear relationship exists between sale and adverting. ({&E% € p)

(6) Conduct a test of the population slope to determine at the 5% significance level whether a
linear relationship exists between sale and adverting. ({xaka/Ebl)
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ANOVA table in the Linear Regression | $$°

Model
Source d.f. Sums of | Mean F Statistics
Squares | Squares
Regression |k SSR MSR= F=MSR/MSE
SSR/k
Error n-k-1 |SSE MSE=
SSE/(n-k-1)
Total n-1 Variation
iny
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ANOVA table in the Simple Linear 54

Regression Model
Source d.f. Sums of Mean F Statistics
Squares Squares

Regression |1 SSR MSR= F=MSR/M
SSR/1 SE

Error n-2 SSE MSE=
SSE/(n-2)

Total n-1 Variation iny
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Calculate the least square line (2K [7] E4%) 0000

Determine the standard error of estimate and describe what this statistic tells XX

you about the regression line. (1%

VE

=

EEILSS) (X

A~

LIlgdl I'\UHIHBEIUII

Regression Statistics

R 0.77882
| R Squarg 0.60656
| Adjusted R Squars 0.56722
18 1.3468
Total number of observations 12

Sales(Smillions) = 9.1004 + 0.0562 * Advertising(Sthousands

| ANOVA
df 58 M3 [ F _1 p-evel
| Regrassion 1. 2786391 2796391 1541681 0.00284
_ﬁgm ﬁ' 1¥$§ I 5;:%1_81366

Coaflicients  Standard Error

LCL UCL  18tal  pdevel  HO{5%) rejecled?

Intercapt 9.10037 0.85153
Advertising($thousands) | 0.05623 001483

720305 10.9877 10.68711 U. Yos
0.02519 008128 392642 000284 Yos

T 22014

LCL - Lower value of a reliable interval (LCL)

| UEL - Upper value of a reliable interval (UGL)

Y=9.107+0.582 X




 Determine the coefficientof determination and discuss whatits value
tells you aboutthe two variables (¥]E {487, R 2)

« Calculate the Pearson correlation coefficient. What sign does it
have? Why? (CKAHRHA (%:%r)

 Conducta test of the population coefficient of correlation to
determine atthe 5% significance levelwhethera linear relationship
exists between sale and adverting. (Es%ts Ep)~i5 +E

| LIl MEy | easiIunl

J

|Regression Statistics
|R | (77RAZ
|R Square ___0B0RRE |

| Adjusted R Square 056722
6 1.3468
| Tolal number of observations 12

| Sales{$millions) = 9.1004 + 0.0582 * Advertising(Sthousands)

|

ANOVA
dl. 58 M3 [ F 1 p-lavel

| Regression 1. 27 96391 2796391 1541681 0.00284
7\ Residual 10 18.13858 1.81386

Tolal 11, 46,1025

|

Coafficients  Standard Error LCL UCL {Stal  pdevel  HO{5%) rejected?

B Intercept 9.10037 0.85153 720305 109977 10.68711 U. Yes
Advertising{SlhousandsJ J.05823 0.01483 J.02519 0083128 382642 0.00284 Yes

T (5%) 222614

| LCL - Lower value of a reliable inferval (LCL)

i UL - Upper value of a reliable inferval (UCL)
!




« Conducta test of the population slope to determine atthe 5% sss:
significancelevelwhethera linear relationship exists between sale 00
and adverting. (5% Eb1) it
ANOVA

d B I8 _
| Regrassian . 27963 2796391 1541681 0.00264
| Residual 10, 1813859 181386
Tolal 1, 461025

Coaflicients - Standard Error LCL UCL (8t povel  HO(5%) rjactad?

| Intarcapt 9.10037 0.85153 120405 109977 10,6871 0. Yos
Advertising[Sthousands] D 10.03623 S» 001483 002519 U.U‘MBl 392642 |U.UUEH4 Yas
A T{3K) L84 T-critical t

LCL - Lower valus of @ reliable infarval (LCL)

*\UGL- Upper value of & reliable inferval (UCL)




